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Chern-Simons gravity based
on a non-semisimple group
C. DUVAL (1), Z. HORVA´TH (2) and P. A. HORVA´THY (3)
Abstract. The gauge theory-formulation of string-motivated lineal gravity proposed by Cangemi and Jackiw
is obtained by dimensional reduction from a (2 + 1) dimensional gravity with Chern-Simons Lagrangian.
The ‘string-inspired’ gravity in (1 + 1) dimensions [1] admits a gauge-theory formulation [2]: starting
with the centrally extended Poincare´ algebra with 4 generators,
(0) [Pa, J ] = ǫ
b
aPb, [Pa, Pb] = ǫabiΛI
(a, b = 1, 2), where I is the central element, the ‘Poincare´’ gauge theory with connection form
(1) A = eaPa + ωJ + a
1
2
iΛI
and Lagrangian
(2) L = ηAF
A = ηa(De)
a + η2dω + η3(da+
1
2
eaǫabe
b), ηA = (ηa, η2, η3),
where the η’s are Lagrange multipliers, leads to the (1 + 1) dimensional gravitational equation [1]
(3) R = 0 and ∂µ∂νη =
1
2
Λhµν
(where hµν = diag(1,−1) and Λ is the cosmological constant), supplemented with the additional equation
(4) da+ 1
2
eaǫabe
b = 0.
The algebra (1) has been subsequently extensively studied in connection of a recently proposed Wess-
Zumino-Witten model [3-6].
In the conslusion of their paper [2], Cangemi and Jackiw wonder whether their model can be obtained
from a (2+1) dimensional model by reduction. The aim of this Letter is to show that this is indeed possible.
Using recent results on non-semisimple algebras [6,7], we construct a (2 + 1)-dimensional Chern-Simons
Lagrangian whose reduction gives precisely the Cangemi-Jackiw model. Other models are found in Ref.
[8-9].
Consider the extended Poincare´ algebra in 2 + 1 dimensions with non-vanishing commutators
(5)
[Jµ, Jν ] = ǫ
ρ
µνJρ, [Jµ, Pν ] = ǫ
ρ
µνPρ,
[Jµ, Tν ] = ǫ
ρ
µνTρ, [Pµ, Pν ] = ǫ
ρ
µνTρ,
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(µ, ν, ρ = 0, 1, 2). Note that the Tµ’s commute with the Pµ’s and with each other. In these formulae,
the indices are raised and lowered through the Lorentz metric ηµν = diag(−1, 1, 1). This algebra carries a
symmetric, non-degenerate bilinear form, namely
(6) ΩABM
AMB = PµP
µ + JµT
µ + TµJ
µ.
(The other Casimir invariant, TµT
ν is degenerate since the group is non semi-simple). The group generated
by the algebra (1.1) can be represented by upper triangular matrices [10]
(7)


U Uω U(1
2
ω2 + a)
U Uω
U

 ,


U =
(
u v
v∗ u∗
)
,
a =
(
a2 i(a0 − a1)
i(a0 + a1) −a2
)
,
ω =
(
ω2 i(ω0 − ω1)
i(ω0 + ω1) −ω2
)
.
Note that U ∈ SU(1, 1).
Consider the gauge theory in 2 + 1 dimensions given by the connection form
(8) Aα = e
µ
αPµ + ω
µ
αJµ + a
µ
αTµ,
where µ = 0, 1, 2 is an algebra index and α = 0, 1, 2 denote space-time indices. Its curvature form is found
as
(9)
Fαβ =
(
∂αe
ρ
β − ∂βe
ρ
α + ǫ
ρ
µνω
µ
αe
ν
β − ǫ
ρ
µνω
µ
βe
ν
α
)
Pρ
+
(
∂αω
ρ
β − ∂βω
ρ
α + ǫ
ρ
µνω
µ
αω
ν
β
)
Jρ
+
(
∂αa
ρ
β + ǫ
ρ
µνω
µ
αa
ν
β − ∂βa
ρ
α − ǫ
ρ
µνω
µ
βa
ν
α + ǫ
ρ
µνe
µ
αe
ν
β
)
Tρ.
The first bracket here is the torsion and the second bracket is the curvature of the spin connection.
Now we want to postulate a Chern-Simons gauge theory. The Chern-Simons 3-form is conveniently
found by considering the closed 4-form
(10) (F, ∗F ) = ǫαβγδΩABF
A
αβF
B
γδ
which is locally the divergence of the Chern-Simons 3-form, ∂α(Chern− Simons)
α. Our Chern-Simons gauge
theory is therefore given by the Lagrangian
(11) L = 1
2
ǫαβγ
[(
∂αe
µ
βe
ν
γ + ∂αω
µ
βa
ν
γ + ∂αa
µ
βω
ν
γ
)
ηµν + ǫµνρ
(
ωµαe
ν
βe
ρ
γ + ω
µ
αω
ν
βa
ρ
γ
)]
.
The corresponding field equations read
(12)
ǫαβγ
(
∂αe
ν
β + ǫ
ν
µρω
µ
αe
ρ
β
)
= 0,
ǫαβγ
(
∂αω
ν
β +
1
2
ǫνµρω
µ
αω
ρ
β
)
= 0,
ǫαβγ
(
∂αa
ν
β +
1
2
ǫνµρe
µ
αe
ρ
β + ǫ
ν
µρω
µ
αa
ρ
β
)
= 0.
The first two equations say that the torsion and the curvature has to vanish.
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Dimensional reduction of our theory reproduces the formalism of Cangemi and Jackiw [2]. Let us in
fact assume that none of the fields depends on the second coordinate x2. Using the indices µ = (k, 2) and
α = (a, 2),
(13)
ekb → e
k
b , e
k
2
→ ηk,
a2
2
→ η2, ω2
2
→ η3,
ω2a → ωa, a
2
a → aa,
akα = ω
k
α = 0.
Then the Chern-Simons Lagrangian (12) reduces precisely to the Lagrangian (1.3) of Cangemi and Jackiw.
Note added: This paper has been written in 1993, but remained unpublished because of its overlap with
Cangemi’s Salamanca talk [11]. The structure studied here has been applied to various physical problems
and in particular to string theory [3,12]. Similar conclusions to those presented here were reached later,
independently, by de Montigny at al [13].
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